In Ref. [1] , it was demonstrated that the significant systematic errors of a type of large dynamic range aberrometer are strongly related to the power error (defocus) in the input wavefront. In this paper, a generalized theoretical analysis based on vector aberration theory is presented, and local shift errors of the SH spot pattern as a function of the lenslet position and the local wavefront tilt over the corresponding lenslet are derived. Three special cases, a spherical wavefront, a crossed cylindrical wavefront, and a cylindrical wavefront, are analyzed and the possibly affected Zernike terms in the wavefront reconstruction are investigated. The simulation and experimental results are illustrated to verify the theoretical predictions.
Introduction
In a previous paper [1] , one configuration of a ShackHartmann aberrometer (SHA) [2] [3] [4] , in which the intermediate SH spot images were relayed onto the final detector by an imaging lens, was used to expand the measuring dynamic range without using an optometer block or a large size image detector. However, a significant systematic error varying with the defocus of the input wavefront in this system was observed. We demonstrated that the systematic error is mainly caused by the pupil aberration of the image relay optics, in which each lenslet acts as the stop of the image relay part of the whole system. Therefore, the pupil aberration introduced by the relay lens distorted the Shack-Hartmann (SH) spot pattern on the detector plane and the systematic errors were introduced. This effect introduces a systematic error of spherical aberration as a quadratic function of the defocus of the incident wavefront (power error) [1] . We also illustrated that the distortion of each SH spot is related to the corresponding lenslet position and the local wavefront tilt. Therefore, it is difficult to predict and compensate the spherical aberration or other higher-order Zernike coefficients in real measurements only by the calibration curves.
In this paper, based on the vector aberration theory [5] [6] [7] [8] , a chief-ray-tracing model is presented and the local shift errors of the SH spot pattern at the final image plane are derived by involving the lenslet positions and the local wavefront tilts over the corresponding lenslet as variables. In Section 2, the chief-ray-tracing model is demonstrated, and the intercept error of an arbitrary chief ray, which can be considered as the local shift error associated with the corresponding lenslet, is described in terms of transverse ray aberration. In Sections 3-5, three special inputs, a spherical wavefront, a crossed cylindrical wavefront, and a cylindrical wavefront, respectively, are analyzed and the resulting local shift errors of SH spots are predicted by the proposed ray-tracing model. The affected Zernike terms are investigated by comparing the resulting local shift errors to the spot pattern associated with each Zernike term.
Finally, in Section 6, a comparison of the simulation and experimental results of the systematic errors of the related Zernike terms are illustrated.
Chief-Ray-Tracing Model
As illustrated in Figure. 1, in our setup, the intermediate SH spots are reimaged onto the CCD camera by an imaging lens. As mentioned in our previous paper [1] , each lenslet acts as the actual stop for reimaging the corresponding SH spot. Since the beam associated with each lenslet is narrow, the intercept of each chief ray at the final image plane can be approximated as the centroid of a SH spot, and the tilt of each chief ray at its corresponding lenslet center can be approximated as the average of local wavefront tilt as well. By means of tracing the chief ray through the imaging lens, the local shift errors of those SH spots can be characterized with respect to the local wavefront tilt. The optical layout of the chief-ray-tracing model is illustrated in Fig. 2 . The system stop is set at the lenslet array plane, and the object is set at infinity. According to the ray-tracing theory, the chief ray associated with a specified lenslet and its local wavefront tilt can be described by the normalized aperture vectorr and the normalized field vectorH, respectively. In Cartesian coordinates on the stop plane, the normalized aperture vectorr is defined asr
where x and y are coordinates of the center of a single lenslet, r max is the maximum radius from the centers of the lenslets to the origin, andx andŷ are the unit vectors along the x axis and the y axis, respectively. Herein, the coordinate system ðx; yÞ represents the global coordinates system for the aberrometer. Meanwhile, in Cartesian coordinates, the normalized field vectorH is described as
whereρ andĵ are the unit vectors along the direction of aperture vectorr and its orthogonal direction, respectively, ϕ is the angle between the field vectorH and the aperture vectorr, and H is the modulus ofH. Hρ and H^j are components of the field vectorH decomposed alongρ andĵ, respectively. The incident wavefront function is denoted as W. The gradient of the incident wavefront can be expressed by two directional derivatives with respect to orthogonal direction vectorsρ andĵ as [9] ∇W ¼ ∇ρW ·ρ þ ∇^jW ·ĵ: ð3Þ
In the case of an object at infinity, Hρ and H^j are proportional to the tangent of the local tilt of incident wavefront or, in other words, Eq. (2) could be rewritten asH
where θ max is the maximum local wavefront tilt, which is dictated by the dynamic range of the SHA [3, 4] . Ideally, the exit pupil is to be the virtual image of the system stop (lenslet array plane) through the imaging lens. As long as the model remains rotationally symmetric, using the aperture vectorr is equivalent to using the exit pupil coordinates in the expression form of ray aberrations. According to the third-order primary aberrations theory, wave aberration ΔW and transverse ray aberrationε at the rear focal plane of the imaging lens can be written as [5] ΔW 
where n 0 is the refractive index in the image space, r exit is the radius of exit pupil and R exit is the radius of curvature of the exit wavefront, and W ijk represents the aberration coefficients of the imaging lens.
In traditional analysis, the transverse ray aberrations were decomposed into components along the directionH and its orthogonal direction [5, 6] . However, in our case, the normalized field vectorH, which is related to the local tilt of the incident wavefront over a specified lenslet, varies with the change of incident wavefront, whereas the aperture vectorr, associated with the location of this lenslet, does not change. Hence, the transverse ray aberrations here are decomposed into its components alongρ andĵ:
where
and H and r are the moduli of vectorsH andr, respectively. Consequently, the transverse ray aberration of a chief ray at the final image plane is given as follows in Eq. (9), where z 0 and f , as shown in Figure. 2, are the image distance and the focal length of the imaging lens, respectively. The variable m is the paraxial magnification between the intermediate SH spot plane and the image plane:
The local shift error of the SH spot associated with the lenslet atr or ðr; θÞ can be decomposed by two components along directional vectorρ andĵ: 
where the coefficients C ij are associated with term ð∇ρWÞ i ð∇^jWÞ j and are listed as below: Chief ray associated with the specified field of angle and lenslet, which are described by the normalized field vector H and the normalized aperture vectorr, respectively, is demonstrated.ỹ is the vector describing the ideal intercept at the back focal plane of the chief ray andε is the transverse ray aberration associated withỹ. Likewise,ỹ 0 is the vector describing the ideal intercept at the image plane of the chief ray andε 0 is the transverse ray aberration associated withỹ 0 . f lenslet is the focal length of the lenslet, z is the distance from the front principal plane of the imaging lens to the intermediate SH spot image plane, z 0 is the distance from the rear principal plane to the final image plane, and f 0 is the rear focal length of the imaging lens.
Special Case: Spherical Wavefront
In the case of measuring a spherical wavefront [ Fig. 3(a) ][, the gradient of the wavefront at point ðr; θÞ in the lenslet array plane can be described as follows, where K D is the power factor that is proportional to the vergence of the spherical wave. The gradient of the wavefront is along the radial direction and the directional derivative along the tangent direction is consistently zero:
Substituting Eq. (12) into Eq. (10), the local shift error can be rewritten by
As shown by Eq. (13), the local shift error of the SH spot associated with each lenslet is a function of r 3 along the direction ofρ, which will be interpreted as spherical aberration by a wavefront reconstruction algorithm. The amount of systematic error of spherical aberration is related to the factor C 00 þ
, which is a function of power factor K D . This relationship indicates a systematic error that varies as a cubic function of the power error (defocus) when measuring a spherical wavefront.
Special Case: Crossed Cylindrical Wavefront
The gradient of a toroidal wavefront at point ðr; θÞ in the lenslet array plane can be described in terms of two orthogonal directional derivatives along the two principal power axes, which are denoted as unit vectorsx 0 andŷ 0 in Fig. 3(b 
The relative angle between coordinate systems xy and x 0 y 0 is ϕ. The radii of curvature of the two principal axes are R x and R y , respectively.
Consequently, the gradient components of the incident wavefront along the directionρ and its orthogonal directionĵ can then be decomposed as
∇^jWðr; θÞ ¼ r cosðθ − ϕÞ sinðθ − ϕÞ R x − r cosðθ − ϕÞ sinðθ − ϕÞ
In the case of an incident wavefront with a crossed cylinder power [ Fig. 3(b) ], it means the radii of 
The resulting local shift error of the SH spot associated with the lenslet located atr can be written by ε 0ρ ð∇ρW; ∇^jW; r; θÞ ¼ A 0 r 3 þ A 1 r 3 cos 2ðθ − ϕÞ þ A 2 r 3 cos 4ðθ − ϕÞ
where the coefficients
Assuming the two principal axes of cylindrical wavefront x 0 y 0 coincide with the xy coordinates, or ϕ ¼ 0, the local shift error of SH spot can be simplified as ε 0ρ ð∇ρW; ∇^jW; r; θÞ ¼ A 0 r 3 þ A 1 r 3 cos 2θ þ A 2 r 3 cos 4θ;
Special Case: Cylindrical Wavefront
The case of a cylindrical wavefront is a special case of a toroidal wavefront in which one of the radii of curvature along the principal axes is infinity. Without any loss of generality, assuming R y ¼ ∞ and R x ¼ 1=K C , where K C is proportional to the cylindrical power, the directional derivatives ∇ρW and ∇^jW can, therefore, be written as
Hence, the resulting local shift error of the SH spot associated with the lenslet located atr can be written by 
where the coefficients Fig. 4 . In case the incident wavefront with various sphere powers is measured, the measured Z 4;0 coefficient is a quadratic function of power factor K D . In a similar manner, assuming ϕ ¼ 0, the local shift error of the SH spot can be simplified as ε 0ρ ð∇ρW; ∇^jW; r; θÞ
By comparing the resulting local shift error components of the three special cases above to the local shift components associated with each Zernike term derived in Appendix A, the systematic errors of the fourth-order Zernike terms are summarized in Table 1 . The corresponding Zernike coefficient errors are quadratic or cubic functions of the power factor (K D or K C ). With the assumption of ϕ ¼ 0, the coefficients A 1 , B 1 and A 2 , B 2 are associated only with the coefficient errors of Z 4;2 and Z 4;4 , respectively.
Simulation and Experiment
To simulate this analysis, the prescription of a real aberrometer is investigated in ray-tracing software (ZEMAX Development Corporation, Bellevue, Washington). To create incident spherical and cylindrical wavefronts, a paraxial lens (or a paraxial XY lens) is set at the entrance pupil of the aberrometer as a means to introduce various wavefront powers ranging from −8 D to þ8 D. The imaging lens used in our system is an off-the-shelf image relay lens, of which the distortion is less than 0.2% over a 8 mm field size for the traditional use of image relay. The final images at the aberrometer's CCD plane are generated by means of geometrical bitmap image analysis in ZEMAX. Simulated images and real measured images for the aberrometer are processed with the same post-processing algorithm. As illustrated in Figs. 4-6, all measured data fit quadratic curves or linear curves with respect to the input diopter of the trial lens quite well. Comparing this to the theoretical prediction reveals that the local shift error components related to K 3 D or K 3 C are negligible in our case. That is reasonable because the field of curvature, astigmatism, and distortion of a well-designed image relay lens are usually very small. Furthermore, for a moderately large dynamic range (e.g., −8 D-þ 8 D), the local shift error components related to K 2 D or K 2 C are also negligible. As demonstrated in our previous paper [1] , for an extremely large dynamic range (greater than −12 D-þ 12D), the quadratic term should be taken into account.
The deviations of those systematic errors over the entire dynamic range are mainly related to the offaxis aberrations of the imaging lens. For example, the larger coma of the imaging lens, the larger the slope of those systematic error curves, which would result in the more deviations of systematic errors over the entire measuring range. However, the onaxis spherical aberration of the imaging lens would only result in an offset of the error curves.
Conclusion
Our previous study showed that the local shift error of each SH spot is related to the corresponding lenslet position and local wavefront tilt. That fact would lead to a complicated calibration process and an iterative solver in the post-processing algorithm. Based on the aberration theory, a chief-ray-tracing model is presented in order to describe the local shift error of the SH spot associated with each lenslet. After determining the all coefficients of our model, the local wavefront slopes could be solved directly from the corresponding SH spot location. Through theoretical prediction of the model, three special cases, the systematic errors of a spherical wavefront, a crossed cylindrical wavefront, and a cylindrical wavefront, can be consistently explained in accordance with the real measured data. To decrease the systematic error induced by the imaging lens, it is better to make a specific trade-off between off-axis aberrations and on-axis aberrations while designing the imaging lens.
Appendix A
The relation between the partial derivatives of the wavefront Z i;j ðr; θÞ [10] at point ðr; θÞ in the x direction and the y direction and the directional derivatives in theρ direction and its orthogonal direction j are given as follows: 
Therefore, the directional derivatives, or the local slopes, of the fourth-order Zernike terms in theρ direction and its orthogonal directionĵ are listed, respectively, as 
